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Abstract
In this article, we describe a class of algebras with unbounded operators on which the Schwinger cocycle
extends. For this, we replace a space of bounded operators commonly used in the literature by some space
of (maybe unbounded) tame operators, in particular by spaces of pseudo-differential operators, acting on
the space of sections of a vector bundle E → M . We study some particular examples which we hope
interesting or instructive. The case of classical and log-polyhomogeneous pseudo-differential operators is
studied, because it carries other cocycles, defined with renormalized traces of pseudo-differential operators,
that are some generalizations of the Khesin–Kravchenko–Radul cocycle. The present construction furnishes
a simple proof of an expected result: The cohomology class of these cocycles are the same as cohomology
class of the Schwinger cocycle. When M = S1, we show that the Schwinger cocycle is non-trivial on many
algebras of pseudo-differential operators (these operators need not to be classical or bounded). These two
results complete the work and extend the results of a previous work [J.-P. Magnot, Renormalized traces
and cocycles on the algebra of S1-pseudo-differential operators, Lett. Math. Phys. 75 (2) (2006) 111–127].
When dim(M) > 1, we furnish a new example of sign operator which could suggest that the framework
of pseudo-differential operators is not adapted to all the cases. On this example, we have to work on some
algebras of tame operators, in order to show that the Schwinger cocycle has a non-vanishing cohomology
class.
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Let H be a Hilbert space of L2-sections of a vector bundle, and let  be a bounded operator
on H such that 2 = IdH . The Schwinger cocycle [20] is actually most described in the literature
as a cocycle on
glres(H) =
{
A bounded operator such that [,A] is Hilbert–Schmidt}.
Some references on this framework are e.g. [3,5,15,17]. In a first approach [14], working on H =
L2(S1,Ck), we have shown that if  is the sign of the Dirac operator D = −i ddt , the Schwinger
cocycle
cDs :A,B →
1
4
tr
(
(D)
[
(D),A
][
(D),B
])
,
extends naturally to the algebra Cl(S1,Ck) of classical pseudo-differential operators (with inte-
ger orders). This algebra is a well-know algebra with unbounded operators, which contains in
particular all differential operators acting on C∞(S1,Ck). Moreover, we gave its relations with
a pull-back cD+ of the Khesin–Kravchenko–Radul cocycle on formal symbols [11,18], using an
appropriate linear extension of the usual trace of trace-class operators. cD+ and 12c
D
s have the same
cohomology class.
The remaining questions after [14] were:
(1) the possibility of extending the Schwinger cocycle on algebras larger than Cl(S1,Ck),
(2) the dependence of cohomology classes of the various pull-backs of the Khesin–Kravchenko–
Radul cocycle on changes the linear functionnal used in [14] for another one of the same
type.
A key-tool of the work [14] was the remark that, for any A ∈ Cl(S1,Ck), the bracket [A,]
is a smoothing operator. This is precisely from this viewpoint that we start our work and try
to generalize the work [14]: the set of smoothing operators PDO−∞(M,E) acting on sections
of a vector bundle E → M is an ideal of the algebra of tame operators T (M,E). Smoothing
operators are trace-class operators, which allows one to replace glres(H) by
T∞(M,E) =
{
A ∈ T (M,E) such that [A,] ∈ PDO−∞(M,E)}.
The algebras of particular interest are the algebras of pseudo-differential operators, but they do
not need to be classical. We show that the Schwinger cocycle is well-defined on T∞(M,E), and
we investigate the consequences of this result, in particular when M = S1 and M is a torus.
This approach furnishes answers, in a rather simple way, to the questions (1) and (2). The
Lie algebra of interest is the algebra PDO(S1,Ck) of (maybe non classical, maybe unbounded)
pseudo-differential operators acting on L2(S1,Ck). We consider linear functionnals on algebras
of log-polyhomogeneous pseudo-differential operators which arise as zeta-regularized traces,
along the lines of [12], see e.g. [4], and also [3,16] for the case of classical pseudo-differential
operators. These functionnals depend on the choice of an additional elliptic positive pseudo-
differential operator Q, called weight, which explains the notation trQ and also the name
“weighted traces” or “renormalized traces”. They extend the so-called canonical trace of Kont-
sevich and Vishik [9,10] defined on a subalgebra of classical pseudo-differential operators, and
also the usual trace of (trace class) operators. Weighted traces do not obey the tracial prop-
erty tr[A,B] = 0, and thus define a coboundary on the algebras where they are defined. In [3]
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classical pseudo-differential operators, and this lead us to explicit formulas. Here, we consider
any linear extension of the usual trace of trace-class operators. We define a family of cocycles in
Theorem 4.1, parametrized by such functionnals, which generalize cD+ , and have the same coho-
mology class as 12c
D
s . As a concluding remark for the case M = S1, we derive the non-triviality
of the Kravchenko–Khesin–Radul cocycle from the non-triviality of the Schwinger cocycle. This
straightway correspondence was not known to our knowledge, even if other works (see [5]) gave
some results in this direction.
Finally, we investigate the cases where M = S1. We focus on operators acting on maps
M → C, ignoring in our investigations the classical examples on Clifford bundles. This choice
is motivated by the following remark or question, often heard in discussions: the Dirac operator
is a differential operator, which is intrinsically linked with the topology and the geometry of M .
What happens when the definition of the sign operator is not so deeply related to finite dimen-
sional geometric considerations ? As a partial answer, we show that looking for interesting results
is useless when the sign operator is a pseudo-differential operator acting on maps M → C. Then,
we build up a sign operator which leads to a non-trivial Schwinger cocycle on T∞(T n,C), but
we also get harder investigations in that case, precisely because computations cannot be lead as
if we had pseudo-differential operators.
1. Preliminaries on pseudo-differential operators
In all the article, M is a compact Riemannian manifold without boundary, and E → M is a
complex (finite rank) vector bundle over M .
1.1. Basics on pseudo-differential operators
An exposition of basic facts on pseudo-differential operators defined on a vector bundle
E → M can be found in [6] for definition of pseudo-differential operators and of their order, (lo-
cal) definition of symbols and spectral properties. We assume known the definition of the algebra
of pseudo-differential operators PDO(M,E), classical pseudo-differential operators Cl(M,E).
We note by FPDO(M,E) the algebra of formal symbols PDO(M,E)/PDO−∞(M,E), by
FCl(M,E) the set of formal classical symbols and by σ the formal symbol map. All these
algebras are graded by the order. Since the next notion is less known, we recall the definition
of [12], see e.g. [4]:
Definition 1.1. A pseudo-differential operator A is log-polyhomogeneous if and only if its formal
symbol reads (locally) as
σ(A)(x, ξ) ∼|ξ |→+∞
o∑
j=0
o′∑
k=−∞
σj,k(x, ξ)
(
log
(|ξ |))j ,
where σj,k is a positively k-homogeneous symbol.
The set of log-polyhomogenous pseudo-differential operators is an algebra.
A global symbolic calculus has been defined independently by two authors in [2,21], where
we can see how the geometry of the base manifold M furnishes an obstruction to generalize local
formulas of composition ans inversion of symbols. We do not recall these formulas here because
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local formulas of composition of formal symbols extend globally on the base manifold.
We assume that M is equipped with charts such that the changes of coordinates are translations
and that the vector bundle E → M is trivial. This is in particular the cast when M = S1 = R2πZ ,
or when M = T n =∏ni=1 S1. In the case of S1, we use the smooth atlas AT L of S1 defined as
follows:
AT L= {ϕ0, ϕ1};
ϕn :x ∈]0;2π[ → ei(x+nπ) ⊂ S1 for n ∈ {0;1}.
Associated to this atlas, we fix a smooth partition of the unit {s0; s1}. An operator A :C∞(S1,C) →
C∞(S1,C) can be described in terms of 4 operators
Am,n :f → sm ◦A ◦ sn for (m,n) ∈ {0,1}.
(In these formulas, the maps f , sn and Am,n(f ) are read on the local charts ϕ0, ϕ1, but we
preferred to only mention this aspect and not to give heavier formulas and notations, since the
setting for S1-pseudo- differential operators is rather more simple than for manifolds of higher
dimension.)
These definitions appear local (dependent on the charts of the atlas) but, in this very special
case of atlas on S1 where the changes of coordinates are translations, one can see with the for-
mulas of change of coordinates given in e.g. [6] that the partial symbols of a pseudo-differential
operator can be defined globally, taking
σj =
∑
(m,n∈{0,1}2
(σm,n)j .
The local formula of composition of formal symbols is then a global formula:
σ(A ◦B) ∼
∞∑
α=0
(−i)α
α! D
α
ξ σ(A)D
α
x σ (B).
This formula remains true for M = S1 and M parallelizable, with an atlas made of chart with
translations as changes of coordinates. The simplest case is M = T n =∏ni=1 S1.
Notations. We note by PDOo(M,E) the space of pseudo-differential operators of order o, and
by Clo(M,E) = PDOo(M,E)∩Cl(M,E) the space of classical pseudo-differential operators of
order o.
1.2. Renormalized traces
E is equipped this an Hermitian products 〈. , .〉, which induces the following L2-inner product
on sections of E:
∀u,v ∈ C∞(M,E), (u, v)L2 =
∫
M
〈
u(x), v(x)
〉
dx,
where dx is the Riemannian volume.
Definition 1.2. Q is a weight of order s > 0 on E if and only if Q is a classical, elliptic, self-
adjoint, positive pseudo-differential operator acting on smooth sections of E.
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eigenspaces are finite dimensional. For such a weight Q of order q , one can define the complex
powers of Q [19], see e.g. [3] for a fast overview of technicalities. The powers Q−s of the
weight Q are defined for Re(s) > 0 using with a contour integral,
Q−s =
∫
Γ
λs(Q− λ Id)−1 dλ,
where Γ is a contour around the real positive axis. Let A be a log-polyhomogeneous pseudo-
differential operator. The map ζ(A,Q, s) = s ∈ C → tr(AQ−s) ∈ C, defined for Re(s) large,
extends on C to a meromorphic function with a pole at 0 [12]. When A is classical, ζ(A,Q, .)
has a simple pole at 0 with residue 1
q
resA, where res is the Wodzicki residue ([22], see also [7]).
Notice that the Wodzicki residue extends the Adler trace [1] on formal symbols. Following [12],
we define the renormalized trace, see e.g. [3,16] for the renormalized trace of classical operators.
Definition 1.3. Let A be a log-polyhomogeneous pseudo-differential operator. The finite part of
ζ(A,Q, s) at s = 0 is called the renormalized trace trQ A. If A is a classical pseudo-differential
operator,
trQ A = lim
s→0
(
tr(AQ−s)− 1
qs
resA
)
.
If A is trace class acting on L2(M,E), trQ (A) = tr (A). The functional trQ is of course not a
trace.
2. A (short) presentation of the Schwinger cocycle
Let us start now with the following setting: let E → M be a Riemannian (finite dimensional)
vector bundle over the compact manifold without boundary M , and
L2(M,E) = H = H+ ⊕H−
be a polarization of the Hilbert space L2(M,E) (the direct sum is orthogonal). Let  be the sign
operator associated to this splitting. A linear operator A acting on H decomposes into a matrix
A =
(
A++ A+−
A−+ A−−
)
,
and
 =
(
IdH+ 0
0 − IdH−
)
.
We note by L2(H) (resp. L1(H), resp. L(H)) the space of Hilbert–Schmidt operators (resp.
trace class operators, resp. bounded operators). We set:
glres =
{
A ∈ L(H) such that [A,] ∈ L2(H)},
and we define
cs :A,B ∈ glres → 1 tr
(
[,A][,B])= 2 tr(A+−B−+ −B+−A−+).4
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but, on glres, this is a non-trivial cocycle. The skew-symmetry comes from the assumption
[,A] ∈ L2(H), and we have the following lemma to deal with the non-triviality of the cocy-
cle:
Lemma 2.1. Let  be a sign operator. Let A be an algebra of operators on which cs is a cocycle,
and such that [,A] ⊂ L2(H). Assume that there exists ν a linear extension of the trace on
the vector space p+Ap+ + [p+Ap+,p+Ap+] that vanishes on the brackets. Then, cs is the
coboundary of 2ν((.)++).
From this result, one easily see that the non-triviality is linked with the non-existence of a
linear extension of tr. We now give the (short) proof of this lemma.
Proof. Let A,B ∈A.
[A,B]++ = [A++,B++] +A+−B−+ −B+−A−+
hence
2ν
([A,B]++)= 2ν([A++,B++])+ 2 tr(A+−B−+ −B+−A−+)
= 2 tr(A+−B−+ −B+−A−+)
= cs(A,B). 
We remark that the statement of this lemma and its proof can be adapted if we replace p+Ap+
by p−Ap−. This cocycle was first introduced by J. Schwinger in [20], and the favorite choice
for  is the sign of the Dirac operator on the Clifford bundle. When M = S1, it furnishes also the
central extension of the loop algebra, see [17] or e.g. [3].
The link with the cohomology of algebras of (bounded) pseudo-differential operators was first
described in [5], showing that it was related to the Khesin–Kravchenko–Radul cocycle on formal
pseudo-differential operators [11,18]. One can see e.g. [3,15] for these aspects.
3. Tame operators and the Schwinger cocycle
We need not to assume that the associated sign operator  is the sign of a Dirac operator. First,
we even do not assume that  is a pseudo-differential operator but only that (C∞(M,E)) ⊂
C∞(M,E). We call a tame operator of order a a linear operator acting on C∞(M,E) which
extends to bounded operators Hs(M,E) → Hs−a(M,E), where Hk(M,E) is the k-Sobolev
space of sections of E. We note by T a(M,E) the set of tame operators of order a, and we set
T (M,E) =
⋃
a∈R
T a(M,E).
Pseudo-differential operators of order a are tame operators of order a (i.e. ∀a ∈ R, PDOa(M,
E) ⊂ T a(M,E)) and PDO−∞(M,E) is an ideal of T (M,E).
Definition 3.1. Let T∞()(M,E) be the set of tame operators A such that
[A,] ∈ PDO−∞(M,E).
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A∞()(M,E) = PDO(M,E)∩ T∞()(M,E).
The notations T∞()(M,E) andA∞()(M,E) will be simplified into T∞(M,E), T∞() and
A∞(), A∞(M,E) when these omissions do not carry any ambiguity.
Proposition 3.2. A∞()(M,E) is an unital subalgebra of PDO(M,E).
Proof. Let us check it step by step.
• [Id, ] = 0 as a bounded linear operator. Hence, [Id, ] ∈ PDO−∞(M,E).
• Let u ∈ C∞(M,E) and A,B ∈A∞().
[A+B,](u) = [A,](u) + [B,](u),
[AB,](u) = AB(u)−AB(u) +AB(u)− AB(u) = A[B,](u) + [A,]B(u).
These equalities are true on C∞(M,E). Since the operators A and B are pseudo-differential
operators, and since [A,] and [B,] are smoothing, we get the result. 
The same way, we define
Definition 3.3. A Lie algebra is of the type A1()(M,E) is and only if it is a Lie subalgebra of
PDO1(M,E) made of operators A such that [A,] is of order less than − dim(M)+12 .
Proposition 3.4. There exists some A1()(M,E) that are non-empty Lie algebra.
Proof. As in the previous proposition, R Id is a Lie algebra of the type A1()(M,E). 
Proposition 3.5. An example of such a Lie algebra ofA1()(M,E) is the setA1sc made of pseudo-
differential operators A such that [A,] is of order −1−dim(M)/2, whose symbol reads locally
as σ1 + σ0, where σ1 is a scalar 1-positively homogeneous partial symbol and σ0 is a rest term,
which can be non-classical.
Proof.[[A,B], ]= [A, [B,]]+ [[A,],B]
[A,] and [B,] are of order (−1 − dim(M)/2), each of the two terms are of order ((−1 −
dim(M)/2)+ 1)− 1 = −1 − dim(M)/2 (because the symbol of order 1 is scalar). 
We extend the statement of Lemma 3 in [3] and Theorem 1 of [14]:
Theorem 3.6.
cs :A,B ∈ T∞()(M,E) → 14 tr
(
(D)[,A][,B])
is a well-defined cocycle on T∞()(M,E) and we have λ = 12cs , where λ = tr([A++,B++] −[A,B]++). Moreover the statement is still true if we replace T∞()(M,E) by some Lie algebra
A1()(M,E).
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Proof. Let us first remark that smoothing operators are of order less that − dim(M)+12 . This ex-
plains why the proofs apply to the two cases considered.
• [A,]and [B,] are Hilbert–Schmidt, and  is bounded. Hence, cs is well-defined.
• Following the proof of e.g. [17],
[A++,B++] − [A,B]++ = B+−A−+ −A+−B−+.
Since A+−, A−+, B+−, B−+ are Hilbert–Schmidt operators, the cocycle λ is well-defined.
• Let us first prove the last part of the theorem.
[,A] = 2
(
0 A+−
−A−+ 0
)
.
Hence, following [3],
1
2
cs(A,B) = tr(B+−A−+ −A+−B−+) = λ(A,B).
Now, let us have a look at λ([A,B],C).
λ
([A,B],C)= tr([A,B]+−C−+ −C+−[A,B]−+)
= tr(A++B+−C−+ +A+−B−−C−+ −B++A+−C−+ −B+−A−−C−+
−C+−A−−B−+ −C+−A−+B++ +C+−B−−A−+ +C+−B−+A++)
where tr is the usual trace, because each term in the sum is a trace class operator (in fact an
operator of order less that 2(− dim(M)+12 ) + 1 = dim(M) for the algebras of the type A1). From
this remark, since the usual trace is cyclic, we have
λ
([
A, [B,C]])− λ([C,A],B)+ λ([B,C],A)= 0. 
We now discuss the non-triviality of the Schwinger cocycle. For this, we could investigate
many results but we prefer to concentrate on one closely related to the geometry of current
groups and current algebras [3,15,17]:
Lemma 3.8. LetA be a Lie algebra and c a cocycle onA. LetA0 ⊂A such that [A0,A0] = {0}.
If c is non-vanishing on A0, it is non-trivial.
and
Theorem 3.9. Let Mult(M,E) be the set of smooth maps M → C, identified with the set of
differential operators of order 0 with scalar symbol acting on smooth sections of E → M . The
operator  is an arbitrary sign operator. If T∞()(M,E)∩Mult(M,E) = ∅ and if cs is a cocycle
which is not the 0 cocycle on T∞()(M,E) ∩ Mult(M,E), cs is non-trivial on any Lie algebra
A such that
T∞()(M,E)∩ Mult(M,E) ⊂A⊂ T∞()(M,E).
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any non-vanishing cocycle on A0 has a non vanishing cohomology class. 
Proof of the theorem. A∞()(M,E) ∩ Mult(M,E) is a commutative algebra. Hence,
Lemma 3.8 applies. 
Remark 3.10 (On the Clifford bundles). This is the (well know and well studied) example of set-
ting where such a splitting is defined, see e.g. [3,15]. Assume that E is a Clifford bundle over M ,
and let D be the Dirac operator on E. We set  the sign of D. Then, Theorem 3.6 applies to this
case. However, we do not deal with this example in this article because the symbol calculations
become quickly too big and difficult to be lead to their term straightway. The particular case
M = S1 is fully studied in a next section.
4. Other cocycles and application to renormalized traces
We fix in this section a sign operator and the algebra A such that A⊂ T∞()(M,E) or of the
type A1()(M,E) as in Theorem 3.6.
Theorem 4.1. Let ν be a linear functionnal on A that extends the usual trace of trace-class
operators. Let
ν+(A,B) = ν
([A++,B++])
and
ν++ = ν
([A,B]++).
Then,
(i) ν++ is a coboundary on A.
(ii) ν+ is a cocycle on A, with the same cohomology class as λ = 12cs .
Proof. (i) ν++ is obviously a coboundary, since
ν++ = δ
(
ν
(
(.)++
))
,
where δ is the coboundary map.
(ii) We have
ν+ = λ+ ν++,
which gives the result. 
Application to the renormalized traces. We now assume that A is an algebra of log-
polyhomogeneous pseudo-differential operators such that A ⊂A∞(M,E) (or A is of the type
A1(M,E)).
Theorem 4.2. Let Q be a weight.
(i) trQ++ : (A,B) → trQ([A,B]++) is a coboundary on A.
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choice of the weight Q, and is the same (up to a multiplicative factor) as the cohomology
class of the Schwinger cocycle.
This result is a straightforward application of Theorem 4.1 to the case ν = trQ.
5. When M = S1 and E = S1 × Ck
The reader of [14] can recognize here a generalization of the main result of this article, which
is recovered setting Q = |D| and A= Cl(S1,Ck). We recall briefly the setting before extending
the results of [14], according to the results of the previous section.
5.1. (D) and its formal symbol
The operator D = −iDx splits C∞(S1,Ck) into three spaces:
– its kernel E0, made of constant maps
– E+, the vector space spanned by eigenvectors related to positive eigenvalues
– E−, the vector space spanned by eigenvectors related to negative eigenvalues.
The following elementary result will be useful for the sequel, see [13,14] for the proof:
Lemma 5.1.
(i) σ(D) = ξ .
(ii) σ(|D|) = |ξ | where |D| = σ(∫
Γ
λ1/2(− λ Id)−1)dλ, with  = −D2x .
(iii) σ(D|D|−1) = ξ|ξ | , where D|D|−1 = |D|−1D is the sign of D, since |D||E0 = IdE0 .
(iv) Let pE+ (resp. pE− ) be the projection on E+ (resp. E−), then σ(pE+) = 12 (Id+ ξ|ξ | ) and
σ(pE−) = 12 (Id− ξ|ξ | ).
5.2. Splitting of the algebra of formal symbols and the two other residues
In this section, we define two ideals of the algebra FPDO(S1,Ck), that we call FPDO+(S1,
Ck) and FPDO−(S1,Ck), such that FPDO = FPDO+ ⊕FPDO−. This decomposition is im-
plicit in [7, Section 4.4., p. 216], for classical pseudo-differential operators and we furnish the
explicit description given in [13], extended to the whole algebra of formal (non-classical) pseudo-
differential symbols here.
Definition 5.2. Let σ be a formal symbol. Then, we define, for ξ ∈ T ∗S1 − S1,
σ+(ξ) =
{
σ(ξ) if ξ > 0
0 if ξ < 0 and σ−(ξ) =
{
0 if ξ > 0
σ(ξ) if ξ < 0 .
We define p+(σ ) = σ+ and p−(σ ) = σ−.
The maps p+ :FPDO(S1,Ck) → FPDO(S1,Ck) and p− :FPDO(S1,Ck) → FPDO(S1,
C
k) are clearly algebra morphisms that leave the order invariant and are also projections (since
multiplication on formal symbols is expressed in terms of pointwise multiplication of tensors).
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Im(p−) = Ker(p+).
Since p+ is a projection, we have the splitting
FPDO(S1,Ck)=FPDO+(S1,Ck)⊕FPDO−(S1,Ck).
Let us give another characterization of p+ and p−. Looking more precisely at the formal symbols
of pE+ and pE− computed in Lemma 5.1, we observe that
σ(pE+) =
{
1 if ξ > 0
0 if ξ < 0 and σ(pE−) =
{
0 if ξ > 0
1 if ξ < 0 .
In particular, we have that Dαx σ(pE+), Dαξ σ(pE+), Dαx σ(pE−), D
α
ξ σ(pE−) vanish for α > 0.
From this, we have the following result:
Proposition 5.4. Let a ∈ FPDO(S1,Ck). p+(a) = σ(pE+) ◦ a = a ◦ σ(pE+) and p−(a) =
σ(pE−) ◦ a = a ◦ σ(pE−).
5.3. The Schwinger cocycle extended
Let us first precise which polarization we choose on L2(S1,Ck). We can choose independently
two polarizations:
– one setting H(1)+ = E+ and H(1)− = E0 ⊕E−,
– or another one setting H(2)+ = E+ ⊕E0 and H(2)− = E−.
Since E0 is of dimension k, the orthogonal projection on E0 is a smoothing operator. Hence,
σ(p
H
(1)
+
) = σ(p
H
(2)
+
) = 1ξ>0
and
σ(p
H
(1)
−
) = σ(p
H
(2)
−
) = 1ξ<0.
On each case, the symbol of the sign operator is ξ|ξ | , and we call invariantly (D) one or another
of these sign operators. We can now extend the base result of [14]:
Theorem 5.5.
A∞
(
(D)
)(
S1,Ck
)= PDO(S1,Ck).
Proof. Let A ∈ PDO(S1,Ck). Computing the formal symbol of (D)A and A(D),
σ
(
(D)A
)∼∑
α∈N
(−i)α
α! D
α
ξ σ
(
(D)
)
Dαx σ(A) = σ
(
(D)
)
σ(A),
σ
(
A(D)
)∼ σ(A)σ ((D)).
Hence, σ([(D),A]) = 0, and [(D),A] ∈ PDO−∞(S1,Ck). 
We fix now  = (D) to apply Theorem 3.6 the Schwinger cocycle cDs related to the sign :
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λD :A,B ∈ PDO(S1,Ck) → tr([A++,B++] − [A,B]++)
and cDs are cocycles on PDO(S1,Ck), and we have
λD = 1
2
cDs .
Remark 5.7. For M = S1, considering Lie algebras of the type A1((D))(S1,Ck) is useless
since PDO1(S1,Ck) ⊂A∞((D))(S1,Ck).
We now recall this, following the computations of [17] and of e.g. [3], and re-interpreting them
using Theorem 3.9
Theorem 5.8. cs is a non-trivial cocycle on Mult(S1,Ck).
Proof. We have that Mult(S1,Ck)∩A∞((D))(S1,Ck) = Mult(S1,Ck) from Theorem 5.5. Let
(zn)n∈Z be the Fourier orthonormal basis of C∞(S1,C). For k ∈ Z, we note by Mk the multipli-
cation by zk . Then, following [3,17],
cs(Mk,M−k) = 2k.
We see that cs is non-vanishing on Mult(M,E). Applying Theorem 3.9, cs has a non-vanishing
cohomology class. 
As a simple consequence of this theorem, we get:
Proposition 5.9. The cocycle cDs is non-trivial on any Lie algebra A such that Mult(S1,Ck) ⊂
A⊂ PDO(S1,Ck).
Proof. If there were a linear map ν :A→ C such that cs = ν([. , .]), this would be also true for
its restriction to Mult(S1,Ck). This is not the case, thus cs is non-trivial on A. 
Let Q be a weight. We now analyze the following skew-symmetric bilinear form on the alge-
bra of log-polyhomogeneous pseudo-differential operators:
trQ+ :A,B → trQ
([A++,B++]).
We have the following:
Theorem 5.10. Let A be an algebra of log-polyhomogeneous operators acting on C∞(S1,Ck)
that contains a multiplication operator Mk and its inverse M−k according to the notations that
we used before. Let Q be a weight. trQ+ is a cocycle with a non-vanishing cohomology class,
which is the same as 12c
D
s .
Proof. This is a consequence of Proposition 5.9 and of Theorem 4.2. 
Remark 5.11. In e.g. [14], we derived the non-triviality of the Schwinger cocycle from the non-
triviality of tr|D|+ on Cl0(S1,Ck). By the present approach, we derive the non-triviality of any
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triviality of the Kravchenko–Khesin–Radul cocycle cKKR on formal pseudo-differential operators
[8,11,18]. We proved in [14] that tr|D|+ is the pull-back of cKKR by the “positive” symbol map σ+,
i.e.
tr|D|+ = σ ∗+(cKKR).
Since tr|D|+ is a non-trivial cocycle (and the proof in this article does not involve cKKR), we get
that cKKR is non-trivial.
6. For a general base manifold M
In this general setting, we shall not of course deal with all the possible but we concentrate
our attention on generalizations that we hope instructive. We first investigate all scalar pseudo-
differential sign operators, and then build up an example (as natural as possible) of where the
sign operator is not a pseudo-differential operator.
6.1. Pseudo-differential sign operators for dim(M) > 1
We focus on scalar operators.
Proposition 6.1. Let M be a manifold such that dim(M) > 1. Let  ∈ Cl0(M,C) be a classical
pseudo-differential operator such that 2 = Id. Then, up to a finite rank operator,  = ± Id.
Proof. Let us compute the formal symbol of  by Seeley’s method as in the case M = S1. We
first compute σ0().
σ0()
2 = 1
hence
σ0()(x, ξ) = 1 or −1.
Since σ0() is a smooth map T ∗M − M → C, and that T ∗M − M is arcwise connected, we get
that σ0() is a constant map. This fact holds in local charts since the principal symbol is defined
globally. Then, applying the local formula of composition of formal symbols, we get σ−n() = 0
for n ∈ N∗. Assume now that σ0() = 1 (the other case is treated the same way). Since  has
−1 and 1 as unique eigenvalues,  − Id has only 0 and −2 as eigenvalues. The operator  − Id
is smoothing, in particular compact, hence the eigenspace related to the eigenvalue −2 is finite
dimensional. 
From this result, using Lemma 2.1, we see that this is useless to look for a pseudo-differential
sign operator that could give rise to a non-trivial Schwinger cocycle on an algebra of pseudo-
differential operators acting on L2(M,C). In this context, we now show that, when M is a torus,
we can build up a sign operator (which is not pseudo-differential) to which Theorem 3.6 applies.
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We now fix M = T n =∏ni=1 S1 the n-dimensional torus (n  2), and E is the trivial vector
bundle T n × C. An orthonormal basis of L2(T n,C) is given by the set (⊗ni=1 zpi )(pi )i∈{1,..,n}∈Zn
where (zk)k∈Z is the Fourier orthonormal basis on S1, and we set, for (pi)i∈{1,..,n} ∈ Zn,

(
n⊗
i=1
zpi
)
=
n⊗
i=1
(D)
(
zpi
)
where (D) is one of the sign operators related to the decomposition H(1)+ ⊕ H(1)− described
in Section 5.3. Each of the subspaces H+ and H− are infinite dimensional, hence, using
Lemma 6.1,  is not a classical pseudo-differential operator of order 0.
We investigate which operators belong to A∞(). By Proposition 3.2, the following results
show that this algebra contains a class of pseudo-differential operators, but not all the pseudo-
differential operators.
Proposition 6.2.
• Let (α1, . . . , αn) ∈ Nn.
∂
α1
1 . . . ∂
αn
n ∈A∞().
• Let  be the positive Laplacian and f a function such that the operator defined by contour
integral on a path Γ around the real axis by
f () =
∫
Γ
f (λ)( − λ Id)−1 dλ
is a well-defined pseudo-differential operator (not necessarily classical). Then,
f () ∈A∞().
• [∂α11 . . . ∂αnn , ] = 0 and [f (), ] = 0.
Proof. The orthonormal basis (
⊗n
i=1 zpi )(p1,...,pn)∈Zn is made of eigenvectors of the operators
∂
α1
1 . . . ∂
αn
n and f (). Thus,[
∂
α1
1 . . . ∂
αn
n , 
]= [f (), ]= 0 ∈A∞(). 
Unfortunately, the full determination of the elements of A∞() is actually uneasy because
the techniques involved in the case M = S1 are not efficient here. In particular, their principal
tool (the calculus on symbols) does not apply. We need to conclude with some results about the
non-triviality of cs on T∞(), because we are unable to conclude on A∞() at this time.
Theorem 6.3. cs is non-trivial on T∞().
Proof. As in all this article, we use multiplication operators in order to show the non-triviality
of cs . Let us consider an operator A ∈ PDO(S1,C). We define the linear operator A˜ acting on
maps T n → C by:
∀(pi)i∈{1,..,n} ∈ Zn, A˜
(
n⊗
zpi
)
=
{
A(zp1)⊗ 1 ⊗ · · · ⊗ 1 if p2 = · · · = pn = 0,
0 otherwise.i=1
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orthonormal basis (
⊗n
i=1 zpi )(pi )i∈{1,...,n}∈Zn , if A,B ∈ PDO(S1,C),
•[A˜, ]
(
n⊗
i=1
zpi
)
=
{
(A((D)(zp1))− (D)(A(zp1)))⊗ 1 ⊗ · · · ⊗ 1 if p2 = · · · = pn = 0,
0 otherwise
= [A,(D)] ,˜
•(A˜B˜)
(
n⊗
i=1
zpi
)
=
{
((A +B)(zp1))⊗ 1 ⊗ · · · ⊗ 1 if p2 = · · · = pn = 0,
0 otherwise
= (A+B)˜,
•(A˜ ◦ B˜)
(
n⊗
i=1
zpi
)
=
{
(A(B(zp1)))⊗ 1 ⊗ · · · ⊗ 1 if p2 = · · · = pn = 0,
0 otherwise
= (A ◦B)˜,
and, if B is trace class,
• tr(B˜) =
∑
(pi )i∈{1,...,n}∈Zn
(
( ◦ B˜)
(
n⊗
i=1
zpi
)
,
n⊗
i=1
zpi
)
L2(T n,C)
=
∑
p1∈Z
(
((D) ◦B)(zp1)⊗ 1 · · · ⊗ 1, zp1 ⊗ 1 · · · ⊗ 1)
L2(T n,C)
=
∑
p1∈Z
(
((D) ◦B)(zp1), zp1)
L2(S1,C)
= tr((D)B).
Thus, the map
˜: PDO(S1,C)→ T (T n,C)
is a (non-unital) morphism of algebras. We now turn to the multiplication operators Mk and M−k
that we used for the proof of Theorem 5.8 (k = 0). Both [, M˜k] = [(D),Mk ]˜ and [, M˜−k] =
[(D),M−k ]˜ are finite rank (hence smoothing) operators. So that,
M˜k, M˜−k ∈ T∞(),
and
[M˜k, M˜−k] = [Mk,M−k]˜= 0.
We now calculate the Schwinger cocycle evaluated on (M˜k, M˜−k):
cs()(M˜k, M˜−k) = 14 tr
(
[, M˜k][, M˜−k]
)
= 1 tr([(D),Mk]˜[(D),M−k]˜)4
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4
tr
(
(D)[(D),Mk][(D),M−k]
)
= cDs (Mk,M−k)
= 2k = 0.
Since M˜k and M˜−k commute, by Lemma 3.8, cs is non-trivial on T∞()(T n,C). 
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